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This paper focuses on changing Fock matrix elements of two-mode squeezed vacuum state (TMSVS)
by employing three quantum operations in one-sided lossy channel. These three quantum opera-
tions include one-photon replacement (OPR), one-photon substraction (OPS) and one-photon addi-
tion (OPA). Indeed, three conditional quantum states have been generated from the original TMSVS.
Using the characteristic function (CF) representation of quantum density operator, we derive the ana-
lytical expressions of their Fock matrix elements, which are dependent on the interaction parameters,
including the squeezing parameter of the input TMSVS, the loss factor and the transmissivity of the
variable beam splitter. For convenience of discussion, we only give the Fock matrices in the subspace
span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉} for these two-mode states. Obviously, the TMSVS only has the
populations in |00〉 and |11〉 in such subspace. By comparing the generated states with the TMSVS,
we find that: (1) The generated state after OPR will remain the populations in |00〉 and |11〉, and add
the populations in |10〉 and |20〉; (2) The generated state after OPS will lost the populations in |00〉
and |11〉, but add the populations in |10〉 and |20〉; (3) The generated state after OPA will remain the
population only in |11〉 and add the population in |01〉.
Keywords: two-mode squeezed vacuum state; Fock matrix elements; twin-Fock state; conditional
measurement; beam splitter; characteristic function
I. INTRODUCTION
Every quantum state can be expanded in the number
state space and has its unique Fock matrix elements. For
a one-mode quantum state, the density operator ρ can be
written as ρ =
∑∞
n,m=0 pmn |n〉 〈m| with pmn = 〈m| ρ |n〉,
in which the Fock matrix elements pmn is correspond-
ing to component |n〉 〈m| in the space of density oper-
ator ρ. It should be emphasized that the elements pmn
represent populations (diagonal term n = m, real num-
ber) or coherences (off-diagonal n 6= m, often complex
number). For example, the familiar thermal state, as
a mixed state, has only the components |n〉 〈n| (n =
0, 1, 2, · · · ) with population element pnn. The coherent
state, as a typical pure state, has the components |n〉 〈m|
(n,m = 0, 1, 2, · · · ) with elements pnm (population or
coherence). The single-mode squeezed vacuum state,
also a pure state, has only the components |2n〉 〈2m|
(n,m = 0, 1, 2, · · · ) with elements p2n,2m [1, 2].
Similarly, for a two-mode case, the density operator
ρab can be written in the two-mode photon-number basis
ρab =
∞∑
n1,m1,n2,m2=0
pn1m1,n2m2 |n2〉a |m2〉b 〈n1|a 〈m1|b ,
(1)
with pn1m1,n2m2 = 〈n1|a 〈m1|b ρab |n2〉a |m2〉b, which
shows Fock matrix element pn1m1,n2m2 corresponding to
component |n2〉a |m2〉b 〈n1|a 〈m1|b in the space of two-
mode density operator ρab [3, 4]. It should be noted that
|n〉a |m〉b is often written as |nm〉 in this paper. Because
the space of the two density operator has infinite two-
mode number basis span {|nm〉} (n,m = 0, 1, · · · ,∞),
we only study the Fock matrix elements in the subspace
span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉} for convenience of
discussion, whose corresponding Fock matrix can also
be expressed in Table I. As we all know, the two-mode
squeezed vacuum state (TMSVS), as a typical two-mode
quantum state, has only the twin-Fock components with
the form |nn〉 〈mm| (n,m = 0, 1, 2, · · · ). Needless to say,
it is impossible to have non-twin-Fock components for
the TMSVS. Therefore, it is urgent for us to think that
whether we have some ways to change the Fock matrix
elements for the TMSVS by using quantum operations.
This is the key aim of our paper.
TABLE I: Fock matrix elements of two-mode density operator ρ
in subspace span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉 , · · · }
ρ |00〉 |01〉 |10〉 |02〉 |11〉 |20〉 · · ·
〈00| p00,00 p00,01 p00,10 p00,02 p00,11 p00,20 · · ·
〈01| p01,00 p01,01 p01,10 p01,02 p01,11 p01,20 · · ·
〈10| p10,00 p10,01 p10,10 p10,02 p10,11 p10,20 · · ·
〈02| p02,00 p02,01 p02,10 p02,02 p02,11 p02,20 · · ·
〈11| p11,00 p11,01 p11,10 p11,02 p11,11 p11,20 · · ·
〈20| p20,00 p20,01 p20,10 p20,02 p20,11 p20,20 · · ·
...
...
...
...
...
...
...
. . .
In recent years, some quantum operations, such as
photon replacement, photon subtraction and photon ad-
dition, have attracted extensive attention of researchers.
2In fact, these schemes are related to conditional mea-
surements, which are fruitful methods for quantum-state
manipulation and engineering [5]. Many nonclassical
states have been generated by conditional measurements
theoretically or experimentally. In general, two quan-
tum states in the two output ports of the lossless beam
splitter (BS) are quantum-mechanically correlated with
each other. If appropriate measurement is employed in
one of the output ports, then conditional quantum state
is generated in the other output port [6, 7]. In some
conditional measurement schemes, new output state ρout
is generated from the input state ρin in the main chan-
nel and the difference happen in the ancillary channel.
For example, photon-replacement scheme has the fea-
ture that m-photon Fock state is input and the same m-
photon Fock state is measured in ancillary channel. This
strategy is also called as “quantum-optical catalysis” [8–
10]. The photon-subtraction scheme has the feature that
m-photon Fock state is input and the bigger n-photon
Fock state is measured in ancillary channel [11–13]. The
photon-addition scheme has the feature that m-photon
Fock state is input and the smaller n-photon Fock state
is measured in ancillary channel [14, 15]. These non-
Gaussian quantum operations have proven advantageous
in many scenarios such as entanglement enhancement
[16, 17] and teleportation improvement [18, 19]. On
the other hand, the loss accompanied by quantum oper-
ations is unavoidable, which must be considered in re-
alistic situation. Of course, losses may in principle be
overcome by some quantum techniques [20–23].
Combinating above ideas and approaches, we aim to
change the Fock matrix elements of the TMSVS by em-
ploying quantum operations and considering the loss.
The Fock matrix elements before and after operations are
compared. Analytical and numerical results will be given
in details. The paper is organized as follows: In Sec.2,
we make a brief review of the TMSVS and introduce its
Fock matrix elements. Here we raise the question of how
their elements will be changed. In Sec.3, we induce three
quantum states from the TMSVS, whose density opera-
tors are given. Sec.4 gives the analytical expressions of
Fock matrix elements for three generated states. Numer-
ical calculations about elements are made by choosing
given interaction parameters in Sec.5. Our conclusions
are summarized in the last section.
II. TWO-MODE SQUEEZED VACUUM STATE AND ITS
FOCK MATRIX ELEMENTS
In this section, we make a brief review of the TMSVS
and introduce its Fock matrix elements. To begin with,
we introduce the two-mode squeezing operator [24]
S (r) = exp[r(a†b† − ab)], (2)
where a and b are the annihilation operators for the two
modes and r is the real squeezing parameter. By operat-
ing S (r) on the two-mode vacuum |00〉, we can obtain
the TMSVS
S (r) |00〉 =
√
1− λ2 exp (λa†b†) |00〉 (3)
with λ = tanh r. Obviously, the TMSVS can be written in
number basis as follows
S (r) |00〉 =
∞∑
n=0
cn |nn〉
= c0 |00〉+ c1 |11〉+ · · · (4)
with cn = λ
n
√
1− λ2. The obvious fact is that the
TMSVS is only the superposition of the twin Fock state,
that is, |00〉, |11〉, · · · . It’s impossible for the TMSVS to
contain non-twin-Fock state |nm〉 with n 6= m, such as
|01〉, |10〉, |02〉, |12〉, · · · .
Correspondingly, the density operator of the TMSVS
can be expressed as
ρTMSV S = S (r) |00〉 〈00|S† (r) . (5)
Using Eq.(4), it can be also expanded as
ρTMSV S = c0c0 |00〉 〈00|+ c0c1 |00〉 〈11|+ · · ·
+c1c0 |11〉 〈00|+ c1c1 |11〉 〈11|+ · · ·
+ · · · , (6)
where the density operator only contains the twin-Fock
components. Obviously, in our considered subspace, we
find that the TMSVS has only component |00〉 〈00| with
population probability c0c0 = 1 − λ2 and component
|11〉 〈11| with population probability c1c1 = λ2
(
1− λ2).
Of course, there are other two coherence terms (i.e., cor-
responding to components |00〉 〈11| and |11〉 〈00|) as non-
zero elements in matrix, which is the coherence between
|00〉 and |11〉. Table II gives the Fock matrix elements of
the TMSVS.
Now another question arises: what can we do to make
the TMSVS to contain elements corresponding to non-
twin-Fock components, such as |00〉 〈01| and |01〉 〈10|?
This will be the focus of our following work.
TABLE II: Fock matrix elements of two-mode density operator
ρ in subspace span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉 , · · · }
ρTMSV S |00〉 |01〉 |10〉 |02〉 |11〉 |20〉 · · ·
〈00| 1− λ2 0 0 0 λ
(
1− λ2
)
0 · · ·
〈01| 0 0 0 0 0 0 · · ·
〈10| 0 0 0 0 0 0 · · ·
〈02| 0 0 0 0 0 0 · · ·
〈11| λ
(
1− λ2
)
0 0 0 λ2
(
1− λ2
)
0 · · ·
〈20| 0 0 0 0 0 0 · · ·
...
...
...
...
...
...
...
. . .
3III. THREE QUANTUM STATES INDUCED FROM THE
TMSVS
As shown in Fig.1, we construct three conceptual
schemes to generate three new quantum states from the
TMSVS. Using the TMSVS as the initial optical field and
operating three kinds of non-Gaussian quantum opera-
tions in one mode (channel) which has the loss, we study
and compare the Fock matrix elements of the final optical
fields. Using the characteristic function (CF) representa-
tion, we obtain the normal forms (denoted by : : ) for
every density operator. Of course, the success probabili-
ties are also obtained.
The propagation of optical field in every scheme in-
cludes two input-output processes and three stages. The
two processes include loss and non-Gaussian operation,
respectively. For the sake of convenience, we describe
the optical field in every stages with their corresponding
density operators as follows
ρ
(I)
ab ⇒ ρ(II)ab ⇒ ρ(III)ab . (7)
Next we shall give the exact expressions of the density
operator in every stages.
Stage 1: The corresponding density operator in stage
1 is ρ
(I)
ab = ρTMSV S , where the initial optical field un-
der consideration is the TMSVS S (r) |00〉. By using the
Weyl expansion of the density operator, ρ
(I)
ab can also be
expressed furtherly in the CF representation as follows
ρ
(I)
ab =
∫
d2αd2β
pi2
χ
(I)
ab (α, β)Da (−α)Db (−β) , (8)
where
χ
(I)
ab (α, β) = Tr(ρ
(I)
ab Da (α)Db (β))
= e
− (1+λ2)(|α|2+|β|2)
2(1−λ2)
+λ(α
∗β∗+αβ)
1−λ2 (9)
is just the CF of the TMSVS and Da (α) =
exp
(
αa† − α∗a) and Db (β) = exp (βb† − β∗b) are the
displacement operators, respectively.
Stage 2: In the second stage, we consider the loss only
in channel (mode) b, where the quantum operation will
be employed. Thus, the density operator of the optical
field can be expressed as
ρ
(II)
ab =
∫
d2αd2β
pi2
e−
1
2 η|β|2χ(I)ab (α,
√
1− ηβ)
×Da (−α)Db (−β) , (10)
where η ∈ [0, 1] is the loss factor. Here one can use the
formula derived in Ref.[25] or see Appendix A.
Stage 3: There are the differences for the three sub-
figures of Fig.1 in this stage. Three quantum operations
(that is, one-photon replacement (OPR), one-photon
subtraction (OPS) and one-photon addition (OPA)) are
used in three schemes, respectively.
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FIG. 1: (Colour online) Three conceptual quantum schemes to
obtain quantum states from the TMSV. The operations include
(a) OPR, (b) OPS and (c) OPA, where the loss is also consid-
ered. Here η is the loss factor and T is transmissivity of the
BS.
Case OPR: The OPR can be embodied in the c mode,
where one-photon Fock state |1〉 is input and one-photon
Fock state |1〉 is measured [26]. After employing the
OPR, we obtain the first generating state
ρ
(III−11)
ab =
c 〈1| {B[ρ(II)ab ⊗ (|1〉 〈1|)c]B†} |1〉c
p
(11)
d
, (11)
where p
(11)
d is the success probability and B =
exp
[
θ
(
b†c− bc†)] is the BS operator satisfying the fol-
lowing transformation
BbB† =
√
Tb+
√
1− Tc,
BcB† = −
√
1− Tb+
√
Tc, (12)
with transmissivity T = cos2 θ. After detailed calculation,
we obtain the density operator in the normal ordering
4form
ρ
(III−11)
ab =
1− λ2
p
(11)
d
d4
dh2dh1ds2ds1
: e−(1−λ
2η)a†a+λ
√
1−η√1−T(h2a†+h1a)
× e−b†b−
√
1−T (s1b†+s2b)+λ
√
1−η√T(a†b†+ab)
× e
√
Th2s1+
√
Th1s2 : |s1=s2=h1=h2=0, (13)
where
p
(11)
d = Ω
3
(
1− λ2) (T + κ1λ2 + κ2λ4) (14)
is the success probability (also the normalization factor),
whose derivative form can be found in the appendix B,
with
Ω−1 = 1− λ2η − Tλ2 (1− η) ,
κ1 =
(
1 + T 2
)
(1− η) + 2T (η − 2) ,
κ2 = T − η (1− η) (1− T )2 . (15)
Obviously, if η → 0 and T → 1, then ρ(III−11)ab → ρ(I)ab .
That is, the first generated state can be reduced to the
TMSVS in this limit case.
Case OPS: The OPS can be embodied in the c mode,
where vacuum state |0〉 is input and one-photon Fock
state |1〉 is measured. After employing the OPS, we ob-
tain the second generating state
ρ
(III−01)
ab =
c 〈1| {B[ρ(II)ab ⊗ (|0〉 〈0|)c]B†} |1〉c
p
(01)
d
, (16)
where p
(01)
d is the success probability. The density opera-
tor in the normal ordering form can be expressed as
ρ
(III−01)
ab =
1− λ2
p
(01)
d
d2
dh2dh1
: e−(1−λ
2η)a†a+λ
√
1−η√1−T(h2a†+h1a)
× e−b†b+λ
√
1−η√T(a†b†+ab) : |h1=h2=0 (17)
with the success probability
p
(01)
d = Ω
2λ2
(
1− λ2) (1− η) (1− T ) . (18)
Case OPA: The OPA can be embodied in the c mode,
where one-photon Fock state |1〉 is input and vacuum
state |0〉 is measured. After employing the OPA, we ob-
tain the third generating state
ρ
(III−10)
ab =
c 〈0| {B[ρ(II)ab ⊗ (|1〉 〈1|)c]B†} |0〉c
p
(10)
d
, (19)
where p
(10)
d is the success probability. The density opera-
tor in the normal ordering form can be expressed as
ρ
(III−10)
ab =
1− λ2
p
(10)
d
d2
ds2ds1
: e−(1−λ
2η)a†a+λ
√
1−η
√
T(a†b†+ab)
×e−b†b−
√
1−T(s1b†+s2b) : |s1=s2=0 (20)
with the success probability
p
(10)
d = Ω
2
(
1− λ2) (1− λ2η) (1− T ) . (21)
Obviously, these new generating states can be adjusted
by the interaction parameters, including the squeezing
parameter r of the input TMSV, the loss factor η, and the
transmissivity T of BS.
IV. FOCK MATRIX ELEMENTS FOR THREE GENERATED
STATES
Next, we study the Fock matrix elements for three gen-
erated states, which will be compared with that of the
original TMSVS. Firstly, we give their analytical expres-
sions for the Fock matrix elements and then give the Fock
matrix. As example, we plot the Fock matrices for these
states and the population elements by choosing given in-
teraction parameters.
A. Analytical expressions
After detailed derivation, we obtain the following ana-
lytical expressions of the Fock matrix elements for every
quantum states.
(1) For ρ
(III−11)
ab , we have
p(11)n1m1,n2m2 =
1− λ2
p
(11)
d
√
n1!n2!m1!m2!
dn1+n2+m1+m2
dgm22 dg
m1
1 df
n2
2 df
n1
1
d4
ds1ds2dh1dh2
eλ
√
1−η[√1−T (f1h2+h1f2)+
√
T (f1g1+f2g2)]
× e
√
T (h2s1+h1s2)−
√
1−T (g1s1+g2s2)
× eλ
2ηf1f2 |f1=f2=g1=g2=h1=h2=s1=s2=0. (22)
(2) For ρ
(III−01)
ab , we have
p(01)n1m1,n2m2 =
1− λ2
p
(01)
d
√
n1!n2!m1!m2!
dn1+n2+m1+m2
dgm22 dg
m1
1 df
n2
2 df
n1
1
d2
dh1dh2
eλ
√
1−η[√1−T (f1h2+h1f2)+
√
T (f1g1+f2g2)]
× eλ2ηf1f2 |f1=f2=g1=g2=h1=h2=0. (23)
(3) For ρ
(III−10)
ab , we have
p(10)n1m1,n2m2 =
1− λ2
p
(10)
d
√
n1!n2!m1!m2!
dn1+n2+m1+m2
dgm22 dg
m1
1 df
n2
2 df
n1
1
d2
ds1ds2
eλ
√
1−η√T (f1g1+f2g2)−
√
1−T (g1s1+g2s2)
× eλ2ηf1f2 |f1=f2=g1=g2=s1=s2=0. (24)
5It should be noted that these expressions retain the
derivative form because of the complexity of compo-
nents. With these expressions, we can calculate the ma-
trix elements in each case by mathematical software.
B. Matrix forms and Numerical results
In the considered subspace, we give the Fock matrix
elements of state ρ
(III−11)
ab in Table III, where the non-
zero elements elements are
p
(11)
00,00 =
T
(
1− λ2)
p
(11)
d
, p
(11)
10,10 =
ηTλ2
(
1− λ2)
p
(11)
d
,
p
(11)
00,11 = p
(11)
11,00 =
√
T (1− η)λ (2T − 1) (1− λ2)
p
(11)
d
,
p
(11)
11,11 =
(1− η) (2T − 1)2 λ2 (1− λ2)
p
(11)
d
,
p
(11)
20,20 =
Tη2λ4
(
1− λ2)
p
(11)
d
. (25)
Noticing that the coherence elements (p
(11)
00,11 or p
(11)
11,00)
TABLE III: Fock matrix elements of state ρ
(III−11)
ab in subspace
span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉 , · · · }
ρ
(III−11)
ab |00〉 |01〉 |10〉 |02〉 |11〉 |20〉 · · ·
〈00| p
(11)
00,00 0 0 0 p
(11)
00,11 0 · · ·
〈01| 0 0 0 0 0 0 · · ·
〈10| 0 0 p
(11)
10,10 0 0 0 · · ·
〈02| 0 0 0 0 0 0 · · ·
〈11| p
(11)
11,00 0 0 0 p
(11)
11,11 0 · · ·
〈20| 0 0 0 0 0 p
(11)
20,20 · · ·
...
...
...
...
...
...
...
. . .
have the possibility of negative value if λ (2T − 1) < 0.
Comparing Table III of ρ
(III−11)
ab and Table II for the
TMSVS ρ
(I)
ab , we find that two new population elements
(i.e., p
(11)
10,10 and p
(11)
20,20) have been added, which mean
that there exist the populations in states |10〉 and |20〉.
Of course, the population probability of p
(11)
00,00 and p
(11)
11,11
depends on the interaction parameter, which is also dif-
ferent from those of the TMSVS.
Table IV gives the Fock matrix elements of state
ρ
(III−01)
ab , where the non-zero elements are
p
(01)
10,10 =
(1− T ) (1− η)λ2 (1− λ2)
p
(01)
d
,
p
(01)
20,20 = 2ηλ
2p
(01)
10,10. (26)
It is surprising to find that the original elements of
TMSVS are all vanished but two new elements (i.e.,
p
(11)
10,10 and p
(11)
20,20) have been added in this case. This point
is also like that OPR case.
TABLE IV: Fock matrix elements of state ρ
(III−01)
ab in subspace
span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉 , · · · }
ρ
(III−01)
ab |00〉 |01〉 |10〉 |02〉 |11〉 |20〉 · · ·
〈00| 0 0 0 0 0 0 · · ·
〈01| 0 0 0 0 0 0 · · ·
〈10| 0 0 p
(01)
10,10 0 0 0 · · ·
〈02| 0 0 0 0 0 0 · · ·
〈11| 0 0 0 0 0 0 · · ·
〈20| 0 0 0 0 0 p
(01)
20,20 · · ·
...
...
...
...
...
...
...
. . .
Table V gives the Fock matrix elements of state
ρ
(III−10)
ab , where the non-zero elements are
p
(10)
01,01 =
(1− T ) (1− λ2)
p
(10)
d
,
p
(10)
11,11 = ηλ
2p
(10)
01,01. (27)
Here we find that only the population element of compo-
nent |11〉 〈11| still exists and another population element
of component |01〉 〈01| is added. This is also an interest-
ing result.
TABLE V: Fock matrix elements of state ρ
(III−10)
ab in subspace
span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉 , · · · }
ρ
(III−10)
ab |00〉 |01〉 |10〉 |02〉 |11〉 |20〉 · · ·
〈00| 0 0 0 0 0 0 · · ·
〈01| 0 p
(10)
01,01 0 0 0 0 · · ·
〈10| 0 0 0 0 0 0 · · ·
〈02| 0 0 0 0 0 0 · · ·
〈11| 0 0 0 0 p
(01)
11,11 0 · · ·
〈20| 0 0 0 0 0 0 · · ·
...
...
...
...
...
...
...
. . .
By changing the interaction parameters, we can ob-
tain the Fock matrix elements by numerical simulation.
Fig.2 shows the density matrices of the TMSVS and other
three quantum states with given parameters (r = 0.7,
η = 0.2, T = 0.7). Here, we also give the corresponding
numerical values for the population elements. As we all
know, the summarization of all population elements are
unity in principle. Because many other population ele-
ments outside of our considered subspace are not given,
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FIG. 2: Fock matrix elements of four states in our considered
subspace. (a) ρ
(I)
ab ; (b) ρ
(III−11)
ab ; (c) ρ
(III−01)
ab ; (d) ρ
(III−10)
ab ,
with r = 0.7, η = 0.2, T = 0.7. In Fig.2 (a), p00,00 = 0.63474,
p11,11 = 0.231845 and p00,11 = p11,00 = 0.383616; In Fig.2 (b),
p
(11)
00,00 = 0.861274, p
(11)
10,10 = 0.0629178, p
(11)
11,11 = 0.0575249,
p
(11)
20,20 = 0.00459628, and p
(11)
00,11 = p
(11)
11,00 = 0.222586; In Fig.2
(c), p
(01)
10,10 = 0.521865, p
(01)
20,20 = 0.0762466; Fig.2 (d), p
(10)
01,01 =
0.562993, p
(10)
11,11 = 0.0411278.
we can’t verify its unity only in the considered subspace.
Of course, one can calculate any population element ac-
cording to the corresponding expression. Furthermore,
in order to show the effect of the interaction parameters
on these population elements, we plot some population
probabilities as the function of the loss factor η or as a
function of the transmissivity T in Fig.3, Fig.4 and Fig.5,
where other parameters are fixed. One can see figures
for details.
V. CONCLUSIONS
To summarize, we theoretically realized conditional
quantum operations to change the Fock matrix ele-
ments of the TMSVS. These operations include OPR,
OPS and OPA. Everyone knows that the most promi-
nent feature of the TMSVS is the twin-number field,
which leads to the population and coherence compo-
nents only from twin-Fock states. By employing three
quantum operations, we have prepared three entangled
resources from the original TMSVS. We obtain the an-
alytical expressions of their Fock matrix elements and
analyze the change in elements. In the finite subspace
span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉}, we compare their
population elements, as shown in Table VI. Compared
with that the TMSVS only has the populations in |00〉
and |11〉, we find that (1) the populations in |10〉 and
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FIG. 3: Population elements (a) p
(11)
00,00, (b) p
(11)
11,11, (c) p
(11)
10,10
and (d) p
(11)
20,20 in state ρ
(III−11)
ab as a function of η with T =
0.7 (left) or as a function T with η = 0.2 (right). Here the
black solid line, blue dashed line and brown dotdashed line are
corresponding to r = 0.5, r = 0.7 and r = 1, respectively.
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FIG. 4: Population elements (a) p
(01)
10,10 and (b) p
(01)
20,20 in state
ρ
(III−01)
ab as a function of η with T = 0.7 (left) or as a function
T with η = 0.2 (right). Here the black solid line, blue dashed
line and brown dotdashed line are corresponding to r = 0.5,
r = 0.7 and r = 1, respectively.
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FIG. 5: Population elements (a) p
(10)
01,01 and (b) p
(10)
11,11 in state
ρ
(III−10)
ab as a function of η with T = 0.7 (left) or as a function
T with η = 0.2 (right). Here the black solid line, blue dashed
line and brown dotdashed line are corresponding to r = 0.5,
r = 0.7 and r = 1, respectively.
|20〉 have been added for the generated state after OPR;
(2) the populations in |00〉 and |11〉 have been lost and
the populations in |10〉 and |20〉 have been added for the
generated state after OPS; (3) the population only in |11〉
has been remained and the population in |01〉 has been
added for the generated state after OPA. The numerical
results are shown in some figures.
TABLE VI: Population elements in Fock matrix of these states in
subspace span {|00〉 , |01〉 , |10〉 , |02〉 , |11〉 , |20〉}
Population |00〉 |01〉 |10〉 |02〉 |11〉 |20〉
ρ
(I)
ab X X
ρ
(III−11)
ab X X X X
ρ
(III−01)
ab X X
ρ
(III−10)
ab X X
Indeed, the TMSVS is the most commonly used en-
tangled resource of quantum technology [27]. However,
people often prepare other entangled resources to re-
quire the needs of quantum technologies. The devel-
opment of technologies allows promising real applica-
tions in quantum information processing, such as quan-
tum teleportation [28], quantum computation [29] and
quantum communication [30]. It is believed that our
generating states will be good entangled resources for
future application.
Appendix A: Loss formula in CF formalism
About the detailed derivation of this loss formula, one
can refer to our previous work [25]. The loss can be
modelled in a BS formalism. The input state ρin can be
expressed in the CF representation
ρin =
∫
d2α
pi
χin (α)Da (−α) , (A.1)
where Da (α) is the displacement operator in mode a,
and χin (α) =Tr(ρinDa (α)) is the CF of the input state
ρin. The output state ρout can be expressed as
ρout =
∫
d2α
pi (1− η)e
− η
2(1−η)
|α|2
χin (α)
×Da(− α√
1− η ), (A.2)
or
ρout =
∫
d2α
pi
e−
1
2η|α|2χin(
√
1− ηα)
×Da (−α) , (A.3)
where η is the loss factor. So, once the input CF χin (α) is
known, one can obtain the output optical field after the
loss according to Eqs. (A.2) or (A.3).
Appendix B: Success probability of generating
states
In order to ensure Tr(ρ
(III)
ab ) = 1, we must calculate
the success probability for every scheme. These success
probabilities in derivative forms are given as follows, i.e.,
p
(11)
d = Ω
(
1− λ2) d4
dh2dh1ds2ds1
eΩ(1−T )[λ
2(1−η)h1h2+(1−λ2η)s1s2]
× eΩ(1−λ2)
√
T (s1h2+h1s2)|s1=s2=h1=h2=0, (B.1)
and
p
(10)
d = Ω
(
1− λ2) d2
ds2ds1
eΩ(1−T )(1−λ
2η)s1s2 |s1=s2=h1=h2=0, (B.2)
as well as
p
(01)
d = Ω
(
1− λ2) d2
dh2dh1
eΩ(1−T )λ
2(1−η)h1h2 |s1=s2=h1=h2=0. (B.3)
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